Almost perfect transport of an entangled two-qubit state through a spin
  chain by Vieira, Rafael & Rigolin, Gustavo
ar
X
iv
:1
71
2.
07
19
0v
2 
 [q
ua
nt-
ph
]  
2 A
ug
 20
18
Almost perfect transport of an entangled two-qubit state through a spin chain
Rafael Vieira, Gustavo Rigolin
Departamento de Fı´sica, Universidade Federal de Sa˜o Carlos, 13565-905, Sa˜o Carlos, Sa˜o Paulo, Brazil
Abstract
We show that using a slightly modified XX model for a spin-1/2 chain, one can transmit almost perfectly a maximally entangled
two-qubit state from one end of the chain to the other one. This is accomplished without external fields or modulation of the
coupling constants among the qubits. We also show that this strategy works for any size of the chain and is relatively robust to
imperfections in the coupling constants among the qubits belonging to the chain. Actually, under certain scenarios of small disorder,
we obtain better results than those predicted by the optimal ordered and noiseless case.
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1. Introduction
High fidelity transmissions of quantum states from one place
to another are important ingredients needed in the implemen-
tation of several quantum information tasks [1]. Indeed, quan-
tum communication protocols, and in particular quantum key
distribution protocols [2], cannot work without a reliable trans-
mission of a quantum state from one place (Alice) to another
(Bob). Even a to-be-built quantum computer will not work
without a high fidelity quantum state transfer protocol within its
hardware, since quantum information must flow without much
distortion among the many components of a quantum chip.
There are at least three ways by which quantum information,
here a synonym to a quantum state, can be transmitted from Al-
ice to Bob. The first one is the obvious direct transmission of
the quantum state, where the original physical system (a qubit,
for simplicity) encoding the quantum information is sent from
Alice to Bob. This usually happens when the quantum infor-
mation is encoded in the state of a photon, which is sent along
an optical fiber from Alice to Bob. The second way to transmit
quantum information is via the quantum teleportation protocol
[3], where a highly entangled state shared between Alice and
Bob is the channel through which one is able to make a qubit
with Bob be described by the state originally describing Alice’s
qubit. A third possibility is to use spin chains connecting Al-
ice and Bob as the channel through which the quantum state
describing one end of the chain ends up after a certain time
describing the other end of it [4]. This is achieved by engineer-
ing the coupling constants among the qubits such that at time
t > 0 Bob’s end of the chain is described by the state initially
describing Alice’s end at time t = 0. In this last strategy, as
well as in the quantum teleportation protocol, the physical sys-
tem originally encoding the information is not sent from Alice
to Bob, only the quantum state (quantum information) moves
from Alice to Bob.
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A main advantage of using the last strategy is related to the
fact that once the coupling constants among the spins of the
chain are set up to achieve a high fidelity transmission, we do
not need to change them or switch them on and off. Such fixed
arrangements can be very practical to allow the transmission
of quantum states among the several components of a quantum
computer, where it is not an easy task to constantly adjust the
interaction strength among its qubits [4]. In addition to that, if
the quantum chip is manufactured on a solid state system, it will
be an advantage to have the communication channels connect-
ing the several logic gates of the chip built on the same physical
system. In this way there will be no need to sophisticated in-
terfacing between different physical systems as it happens, for
example, when one uses photons to transmit the information
and spins to process it [4].
So far the great majority of works dealing with quantum state
transmission have either studied
(a) the transferring of a single excitation or an arbitrary qubit
from Alice to Bob [4, 5, 6, 7, 8, 11, 13, 15, 17, 18, 19, 20,
21, 23, 24, 26, 27, 29, 30, 32];
(b) the creation of a highly entangled state between Alice and
Bob (the two ends or two specific sites of the chain) [4, 11,
14, 17, 20, 24, 33];
(c) or the transferring of two (or more) excitations or two (or
many)-qubit states from Alice to Bob [6, 7, 11, 12, 24, 25,
28].
In almost all these works the main focus was the study of a
strictly one dimensional graph (spin chain-like systems), which
we call the standard model (see the lower panel of Fig. 1). In
the notation of the lower panel of Fig. 1, task (a) is related to
transferring the state describing qubit 1 to qubit N while task
(b) consists in preparing qubits 1 and 2 in a highly entangled
state and wait long enough to obtain qubits 1 and N in a highly
entangled state. Task (c), on the other hand, aims at transfer-
ring, for instance, a quantum state describing initially qubits 1
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and 2 to qubits N − 1 and N. See also Refs. [9, 10, 17, 31]
for chains built with continuous variable systems, i.e., systems
described by pairs of canonically conjugated variables such as
position and momentum.
Figure 1: Upper panel: Initially qubits A and 1 with Alice are prepared by her in
the maximally entangled state |Ψ+〉 = (|01〉 + |10〉)/
√
2 and all the other qubits
are in the state |0〉. Our goal is to find the optimal constants J
A
, J˜
A
, Jm , JB , J˜B ,
and time t leading to the best pairwise entanglement transmission, i.e., we want
the set of coupling constants and time t for which Bob’s two qubits N and B
become most entangled. Lower panel: Initially qubits 1 and 2 with Alice are
prepared by her in the maximally entangled state |Ψ+〉 = (|01〉 + |10〉)/
√
2 and
all the other qubits are in the state |0〉. Our goal is to find the optimal constants
J
A
, Jm, JB , and time t leading to the best pairwise entanglement transmission,
i.e., we want the set of coupling constants and time t for which Bob’s two qubits
N − 1 and N become most entangled.
In this work we are not interested in the sharing of entangle-
ment between Alice and Bob, as described in task (b) above, or
the transfer of single qubit states, i.e., task (a). Our focus is on
task (c), with the following two ingredients. First, we are not
concerned in the transfer of arbitrary two-qubit states. We want
to study the transfer of maximally entangled two-qubit states,
namely, Bell states. In other words, our main goal here is to
investigate the transmission of the pairwise entanglement be-
tween two qubits with Alice to two qubits with Bob. The two
qubits with Alice are prepared in a maximally entangled Bell
state at time t = 0 and our goal is to find the optimal coupling
constants and time t leading to the greatest pairwise entangle-
ment between two qubits with Bob (see Fig. 1). Second, and as
depicted in the upper panel of Fig. 1, we work slightly beyond
a one dimensional graph (spin chain). This geometry is crucial
to have almost perfect transmission of a Bell state without a
modulated chain [5, 6, 16] or external fields acting on the spins
[12, 22, 24, 28].
Indeed, as we show in the following sections, and much to
our surprise, the standard model (lower panel of Fig. 1) gives
very poor results in accomplishing this task for the simple un-
modulated settings of Fig. 1, specially for long chains. How-
ever, the slightly modified spin chain (strictly speaking a two
dimensional graph) shown in the upper panel of Fig. 1 gives
extraordinary results, leading to an almost perfect pairwise en-
tanglement transmission for spin chains of any size. Also, when
studying the robustness of the proposed model, we observed
that small disorder leads to a greater efficiency in many situa-
tions, a counter-intuitive result.
We should also explicitly mention the interesting work of
Chen et al. [30], where a similar geometry to that shown in
the upper panel of Fig. 1 is employed to transfer a single ex-
citation from qubit 1 to N (task (a)). In Ref. [30] it is shown
that one must couple qubits A and B with qubits 3 and N − 2,
respectively, instead of qubits 2 and N − 1 as in our model, in
order to get an efficient transfer. In Ref. [30] the authors set
J
A
= Jm = JB = J and J˜A = J˜B = w and search for the optimal
w/J leading to the best single excitation transfer.
Before we get to Sec. 3, where a systematic and extensive
comparative study is made between the pairwise entanglement
transmission efficiencies of the standard and proposed models,
we give in Sec. 2 the mathematical formulation of the models
studied here as well as other quantities and concepts needed to
compute the efficiency of pairwise entanglement transmission.
In Sec. 4 we test the proposed model against imperfections in
its construction by studying how its efficiency is affected by
static disorder. We show that for up to a moderately disordered
system we obtain very good efficiencies and still outperform
the standard model. For small disorder we can even get bet-
ter results than those of the corresponding clean system. For a
comprehensive analysis of the influence of noise and disorder
in the functioning of the standard model we recommend Refs.
[6, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47]. In Sec.
5 we analyze, for completeness, how efficient the proposed and
the standard models are in the transmission of a single excita-
tion. In this case, the standard model is the best choice. Fi-
nally, in Sec. 6 we give our final thoughts on the subject of this
manuscript and also propose further lines of research we be-
lieve might enhance our understanding of single state and pair-
wise entanglement transmissions along a spin chain under more
realistic settings.
2. The mathematical tools
In Sec. 2.1 we give the Hamiltonian describing the systems
depicted in Fig. 1 as well as how to efficiently solve numeri-
cally the Schro¨dinger equation that dictates their dynamics. In
Sec. 2.2 we present the measure we employ to quantify the pair-
wise entanglement between two qubits and howwe quantify the
similarity between two quantum states.
2.1. The model and its time evolution
The Hamiltonian describing the proposed model is the
isotropic XY model (XX model) with two extra qubits A and
B coupled with qubits 2 and N−1, respectively. We have a total
of N + 2 qubits and the Hamiltonian reads
H = HA + HM + HB, (1)
where
HA = JA (σ
x
1σ
x
2 + σ
y
1
σ
y
2
) + J˜
A
(σxAσ
x
2 + σ
y
A
σ
y
2
),
HM =
N−2∑
j=2
Jm(σ
x
jσ
x
j+1 + σ
y
j
σ
y
j+1
),
HB = JB (σ
x
N−1σ
x
N+σ
y
N−1σ
y
N
)+ J˜
B
(σxN−1σ
x
B+σ
y
N−1σ
y
B
).
(2)
Here σα
i
σα
j
= σα
i
⊗ σα
j
, with the superscript denoting a partic-
ular Pauli matrix and the subscript labeling the qubit acted by
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it. We also adopt the following convention usually employed
in the quantum information community: σz |0〉 = |0〉, σz|1〉 =
−|1〉, σx|0〉 = |1〉, σx|1〉 = |0〉, σy|0〉 = i|1〉, σy|1〉 = −i|0〉, where
i is the imaginary unity and |0〉 and |1〉 are the eigenvectors of
σz. For those used to the up and down notation of the condensed
matter physics community, the relation between the latter and
the present notation is | ↑〉 = |0〉 and | ↓〉 = |1〉. Note that if we
set J˜
A
= J˜
B
= 0 we get the Hamiltonian describing the standard
model.
An important property of Hamiltonian (2) is that it commutes
with the operator Z = σz
A
+
∑N
j=1 σ
z
j
+ σz
B
, namely, [H, Z] = 0.
This means that the total number of excitations (spins up and
down) are conserved during the time evolution of the system,
allowing us to solve the Schro¨dinger equation by restricting
ourselves to the subspace spanned by all states with the same
number of excitations of the initial state. This is the reason
why we can numerically and efficiently study the pairwise en-
tanglement transmission for chains of the order of 1000 qubits,
specially if we deal with states with only one excitation such as
the Bell state |Ψ+〉 = (|01〉 + |10〉)/
√
2.
From now on we restrict ourselves to the sector of one exci-
tation and to the labeling of the qubits as given in Fig. 1. In this
scenario, an arbitrary system composed of N + 2 qubits can be
described by the superposition of N +2 states of one excitation,
|Ψ(t)〉 =
∑
j
c
j
(t)|1 j〉, (3)
where j = A, 1, 2, . . . ,N − 1,N, B, and
|1 j〉 = σxj |000 · · · 0︸︷︷︸
j-th qubit
· · · 000〉 = |000 · · · 1︸︷︷︸
j-th qubit
· · ·000〉. (4)
If at time t = 0 qubits 1 and A are given by the Bell state |Ψ+〉,
i.e., |Ψ(0)〉 = (|010 · · ·0〉 + |10 · · ·0〉)/
√
2, the initial conditions
in the notation of Eq. (3) are
c
A
(0) = c
1
(0) = 1/
√
2, (5)
c
j
(0) = 0, for j , A, 1. (6)
For the standard model we have j = 1, . . . ,N, c
1
(0) = c
2
(0) =
1/
√
2, and c
j
(0) = 0, for j , 1, 2.
Inserting Eq. (3) into the Schro¨dinger equation
i~
d|Ψ(t)〉
dt
= H|Ψ(t)〉
we get after taking the scalar product with the bra 〈1k|,
i~
dc
k
(t)
dt
=
∑
j
c
j
(t)〈1k |H|1 j〉. (7)
A long but direct calculation leads to
〈1k |H|1 j〉 = 2JA(δ1kδ j2 + δ2kδ j1)
+2J˜
A
(δAkδ j2 + δ2kδ jA)
+2J
B
(δN−1,kδ jN + δNkδ j,N−1)
+2J˜
B
(δN−1,kδ jB + δBkδ j,N−1)
+2Jm
N−2∑
l=2
(δlkδ j,l+1 + δl+1,kδ jl), (8)
where the Kronecker delta is defined such that δ jk = 1 if j = k
and δ jk = 0 if j , k.
Now, inserting Eq. (8) into (7) gives
dc
k
(t)
dt
= −i2
~
J˜
A
δ2kcA (t) − i
2
~
J
A
δ2kc1 (t)
−i2
~
(J
A
δ1k + J˜AδAk + Jmδ3k)c2(t)
−i2
~
N−2∑
j=3
(Jmδ j−1,k + Jmδ j+1,k)cj (t)
−i2
~
(JmδN−2,k + J˜BδBk + JBδNk)cN−1(t)
−i2
~
J
B
δN−1,kcN (t) − i
2
~
J˜
B
δN−1,kcB(t). (9)
Equation (9) is a system of N+2 first order linear differential
equations with constant coefficients, where k = A, 1, . . . ,N, B.
Defining the column vector
c(t) =

c
A
(t)
c
1
(t)
c
2
(t)
...
c
N−1 (t)
c
N
(t)
c
B
(t)

(10)
and the matrix
M=− i2
~

0 0 J˜
A
0 0 0 0 · · · 0 0 0 0
0 0 J
A
0 0 0 0 · · · 0 0 0 0
J˜
A
J
A
0 Jm 0 0 0 · · · 0 0 0 0
0 0 Jm 0 Jm 0 0 · · · 0 0 0 0
0 0 0 Jm 0 Jm 0 · · · 0 0 0 0
0 0 0 0 Jm 0 Jm · · · 0 0 0 0
...
...
...
...
...
...
...
. . .
...
...
...
...
0 0 0 · · · 0 0 Jm 0 Jm 0 0 0
0 0 0 · · · 0 0 0 Jm 0 Jm 0 0
0 0 0 · · · 0 0 0 0 Jm 0 JB J˜B
0 0 0 · · · 0 0 0 0 0 J
B
0 0
0 0 0 · · · 0 0 0 0 0 J˜
B
0 0

(11)
we can recast Eq. (9) as
dc(t)
dt
= M c(t). (12)
The formal solution to Eq. (12) is
c(t) = exp(M t)c(0), (13)
where “exp” stands for the matrix exponential and c(0) for the
column vector listing the initial conditions as given in Eqs. (5)
and (6).
It is important to note that M is an (N + 2) × (N + 2) dimen-
sional matrix and by using efficient numerical packages already
available to compute the matrix exponential we can solve for
chains of about 1000 qubits using off the shelf desktop comput-
ers.
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2.2. Entanglement and Fidelity
2.2.1. Entanglement of formation
The key mathematical object needed in the analysis of the
pairwise entanglement between qubits N and B with Bob is
their density matrix ρ
NB
(t), which is obtained by tracing out the
other N qubits from the density matrix ρ(t) describing the whole
system,
ρ
NB
(t) = TrNB[ρ(t)]. (14)
The line over NB is a reminder that we are tracing out all but
qubits N and B from ρ(t). The density matrix of the whole
system is ρ(t) = |Ψ(t)〉〈Ψ(t)|, where |Ψ(t)〉 is given by Eq. (3).
Remembering that we are working within the one excitation
subspace and using the normalization condition
∑
j |cj (t)|2 = 1,
a simple calculation leads to
ρ
NB
(t) = (1 − |c
N
(t)|2 − |c
B
(t)|2)|00〉〈00|
+ |c
B
(t)|2|01〉〈01| + |c
N
(t)|2|10〉〈10|
+ c
B
(t)c∗
N
(t)|01〉〈10| + c
N
(t)c∗
B
(t)|10〉〈01|
=

1 − |c
N
(t)|2 − |c
B
(t)|2 0 0 0
0 |c
B
(t)|2 c
B
(t)c∗
N
(t) 0
0 c
N
(t)c∗
B
(t) |c
N
(t)|2 0
0 0 0 0
 ,
(15)
where ∗ means complex conjugation. Equation (15) tells us
that we only need to know the time dependence of the two co-
efficients c
N
(t) and c
B
(t) to completely describe the two qubits
N and B with Bob. For the standard model the density matrix
describing qubits N − 1 and N is given by Eq. (15) with c
N
(t)
and c
B
(t) changed to c
N−1 (t) and cN (t).
The density matrix describing qubit B, which will be used
in the analysis of the single excitation transmission in Sec. 5,
is obtained from Eq. (15) by tracing out qubit N and can be
written as
ρ
B
(t) =
(
1 − |c
B
(t)|2 0
0 |c
B
(t)|2
)
. (16)
In the standard model instead of ρ
B
(t) we need ρ
N
(t), which is
given by Eq. (16) with c
B
(t) changed to c
N
(t).
The pairwise entanglement between two qubits can be com-
puted by an analytical expression called Entanglement of For-
mation (EoF) [48, 49]. If ρ
NB
is the density matrix describing
our two qubits, the EoF is obtained by minimizing the average
of the entanglement of the pure state decomposition of ρ
NB
over
all possible decompositions,
EoF(ρ
NB
) = min
{pk ,|φk〉}
∑
k
pkE(|φk〉), (17)
where
∑
k pk = 1, 0 < pk ≤ 1, and ρNB =
∑
k pk |φk〉 〈φk| is
a possible decomposition of ρ
NB
. E(|φk〉) is the entanglement
of the pure state |φk〉 quantified by the von Neumann entropy
of the single qubit state obtained by tracing out the other qubit
from |φk〉 [50].
For two qubits Wootters [49] proved that the EoF is a mono-
tonically increasing function of the concurrenceC and that
EoF(ρ
NB
) = − f (C) log2 f (C) − [1− f (C)] log2[1− f (C)], (18)
with f (C) = (1+
√
1 −C2)/2. A maximally entangled state has
EoF = 1.0 and a completely unentangled system has EoF = 0.
The concurrence is given by [49]
C = max{0, λ1 − λ2 − λ3 − λ4}, (19)
where λ1, λ2, λ3, and λ4 are, in decreasing order, the
square roots of the eigenvalues of the matrix R =
ρ
NB
(
σ
y
N
⊗ σy
B
)
ρ∗
NB
(
σ
y
N
⊗ σy
B
)
. Here ρ∗
NB
stands for the complex
conjugation of ρ
NB
in the standard basis {|00〉 , |01〉 , |10〉 , |11〉}.
For a density matrix in the form of Eq. (15), a direct calcula-
tion gives
C(t) = 2|c
N
(t)c
B
(t)|. (20)
2.2.2. Fidelity
In order to quantify in a simple way the “closeness” between
two quantum states, in particular when the benchmark or input
state is a pure one, we employ the fidelity
F = 〈ψin|ρout|ψin〉. (21)
If the input state is given by the Bell state |Ψ+〉 = (|01〉 +
|10〉)/
√
2 and the output state is the two qubit state ρ
NB
, as given
by Eq. (15), we have
F(t) = |c
N
(t) + c
B
(t)|2/2. (22)
At the single excitation level, where the input state is |1〉 and
the output state is the single qubit given by Eq. (16), we get
F = |c
B
(t)|2.
The fidelity between two states differing only by an overall
global phase is one while it is zero for two orthogonal states.
Both the EoF and the fidelity ranges from zero to one. The
greater the value of the EoF the more a two-qubit state is en-
tangled and the greater the value of the fidelity the more similar
are two quantum states.
3. Pairwise entanglement transmission
The model we are dealing with, Eqs. (1) and (2), has five
independent coupling constants, namely, J
A
, J˜
A
, Jm, JB , J˜B . Our
first task is to search for an optimal relationship among these
coupling constants that leads to the greatest efficiency in the
transmission of pairwise entanglement from qubits A and 1 to
qubits N and B (or from 1 and 2 to N − 1 and N in the standard
model).
We tested several arrangements for systems with N =
10, 20, 30, 40, and 50 qubits. For all simulations we obtained
a similar qualitative behavior, i.e., the proposed model works
best in the transmission of pairwise entanglement whenever
J
A
= J˜
A
= J
B
= J˜
B
= J and Jm , J. We also observed that the
greater N the more the optimal configuration for the proposed
model stands out as the only configuration leading to a mean-
ingful entanglement transmission. The standard model optimal
configuration, on the other hand, is given by J
A
= J
B
= J and
Jm , J, leading, however, to a less efficient transmission. In
Fig. 2 we show the quantitative results for N = 50 qubits.
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Figure 2: Panels (a) to (d) show four possible relationships among the coupling constants for the proposed model and panels (e) and (f) two configurations for
the standard model. For all cases we have changed Jm/J from −50 to 50 and the system always started with the two qubits with Alice given by the maximally
entangled state |Ψ+〉 = (|01〉 + |10〉)/
√
2 and the remaining qubits in the state |0〉. For each value of Jm/J we have evolved the system up to the dimensionless time
Jt/~ = 25pi ≈ 78.54, computing along the way the entanglement of formation (EoF) between qubits N and B (or N − 1 and N for panels (e) and (f)) as a function
of Jt/~. The data shown in panels (a)-(f) are those corresponding to the greatest EoF between the qubits with Bob within the range of values for Jm/J and Jt/~
as specified above. Note that the configuration depicted in panel (a) stands out among the other ones, leading to almost perfect entanglement transmission (EoF
= 0.997).
It is worth noting that by applying the optimal arrangement
among the coupling constants in the proposed model, Hamil-
tonian (2) becomes invariant if we interchange qubits A with 1
or qubits N with B. The latter symmetry and the fact that the
initial state |Ψ+〉 ⊗ |0〉⊗N is also symmetric with respect to the
interchange of N with B imply that c
N
(t) = c
B
(t). This last result
means that the concurrence and the fidelity, Eqs. (20) and (21),
are identical,
C(t) = F(t) = 2|c
B
(t)|2. (23)
Once we have determined the optimal configuration among
the coupling constants leading to the greatest pairwise entangle-
ment transmission for the proposed and standard models, pan-
els (a) and (e) of Fig. 2, respectively, we investigated for how
long a chain we can use those arrangements in such a way to
implement an efficient pairwise entanglement transmission.
To that aim we have simulated the time evolution of chains
composed of N = 100 to N = 1000 qubits, following a sim-
ilar strategy to that explained in the caption of Fig. 2. Here,
however, we worked with a longer time and a greater range of
values for the coupling constants to cope with the longer size of
the chains.
The results we obtained pointed in the direction of a very
inefficient transmission if we use the standard model. We have
seen that the efficiency in this case decreases with the size of
the chain, giving very poor results for long chains. On the other
hand, and surprisingly, the proposedmodel showed no decrease
in its transmission efficiency of pairwise entanglement. In this
last case, we could always find a time and coupling constants in
which the entanglement of formation between Bob’s two qubits
became greater than 0.99.
In the upper and lower panels of Fig. 3 we show the quan-
titative results for chains of N = 100 and N = 1000 qubits,
respectively. Looking at those figures it becomes clear that the
standard model is already very inefficient for chains of the or-
der of 100 qubits. In this scenario the entanglement transmitted
is less than 0.5 and for the case of 1000 qubits we have the two
qubits with Bob with an EoF ≈ 0.12, a very poor result.
The proposed model, on the other hand, gives an EoF ≈ 0.99
for both the 100 and 1000 chains. Similar results (not shown
here) were obtained for chains greater than 1000 qubits, al-
though the simulation time for those cases were much longer
and less numerically accurate than the ones reported here. In all
simulations we made, we could always find a value of Jm and
a time long enough such that the entanglement transmitted was
of the order of 0.99. Even without an analytical proof, we have
enough numerical data to conjecture that this trend will con-
tinue for any size of the chain, rendering the proposed model
an almost perfect pairwise entanglement transmitter for chains
of arbitrary size.
We have also studied the scenario in which the range in which
we search for the optimal Jm is not too wide. Restricting our-
selves to the case in which Jm is at most five times greater than
J, we still have excellent results working with the proposed
model. For chains of the order of 100 qubits we get an entan-
glement transmitted of about 0.82 and in the 1000 qubit case we
get an EoF ≈ 0.70. The standard model transmits only an EoF
≈ 0.40 and 0.12 for chains of 100 and 1000 qubits, respectively.
It is important at this point to note that we have also simu-
lated the entanglement transmission using the other three Bell
states. First, the state |Ψ−〉 = (|01〉− |10〉)/
√
2 is not transmitted
at all in the proposed model. This can be proved analytically
by noting that the commutator [H, |Ψ−〉〈Ψ−| ⊗ |0〉〈0|⊗N] is zero.
In other words, the initial state |Ψ−〉 ⊗ |0〉⊗N is an eigenstate
of the Hamiltonian (stationary state) and its time evolution is
simply given by a global phase change that does not affect the
probability distribution associated to the initial state. Second,
the states |Φ±〉 = (|00〉 ± |11〉)/
√
2 are also better transmitted
using the proposed model as compared to the standard model.
In this scenario, however, we could simulate up to chains of the
order of 30 qubits since the subspace of two excitations leads
to a matrix M, Eq. (11), of dimension N2 × N2 against a matrix
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Figure 3: Upper panel: Entanglement transmission from qubits A and 1 (1 and
2) with Alice to Bob’s two qubits N and B (N − 1 and N) for the proposed
(standard) model when N = 100 qubits. The two curves with the greatest peaks
correspond to the proposed model ((N+2)-qubit model) while the curve with the
lowest peaks is related to the standard model (N-qubit model). Alice’s qubits
are initially prepared in the maximally entangled state |Ψ+〉 = (|01〉 + |10〉)/
√
2
while all the other qubits start at the state |0〉. For simulation purposes, we set
J
A
= J˜
A
= J
B
= J˜
B
= J = 1 for the proposed model and J
A
= J
B
= J = 1 for
the standard model. In both models we evolved the system from Jt/~ = 0 to
25pi for every value of Jm ranging from 0 to 50 in increments of 0.01, saving
the value of Jm giving the best entanglement transmission within the time span
given above. Subsequently we moved about this value in increments of 0.001 in
order to get the optimal Jm shown in the figure. For the proposed model we also
give the optimal Jm restricting its range from 0 to 5 (red curve showing the first
peak above). Lower panel: Same as upper panel but now we have N = 1000
qubits and we evolved the system from Jt/~ = 0 to 80pi for every value of Jm
ranging initially from 0 to 300 in increments of 0.01. Here and in the following
figures all data are dimensionless.
of dimension N × N for the single excitation sector. Finally,
if we can apply local unitary gates to at least one of Alice’s
two qubits we can always convert any Bell state with her to
|Ψ+〉. In this sense, we can always transmit any Bell state us-
ing the model proposed here by transforming a particular Bell
state to the state |Ψ+〉 and transmitting it to Bob, who subse-
quently transforms it back to the desired Bell state by applying
the appropriate unitary operation in one of his two qubits.
4. Robustness of the proposed model
We now want to investigate how the almost perfect pairwise
entanglement transmission capacity of the proposed model is
affected by imperfections in designing the coupling constants
among the qubits. Specifically, we want to study how static
disorder affects the dynamics of this system (see Fig. 4).
Figure 4: Schematic representation of the proposed model in the presence of
static disorder. Each one of the coupling constants between two qubits are
independently chosen from random uniform distributions centered about their
optimal values. In other words, coupling constant Ji j between qubits i and j
are set at each realization to Ji j(1 + ∆i j), where ∆i j is a random number chosen
from a continuous uniform distribution ranging from −p to p. We can think of
p as the maximal percentage deviation about the optimal value for Ji j in a given
disorder realization. At each realization of disorder in this work, the coupling
constants were assumed to fluctuate within the same percentage range p.
In Fig. 5 we show the results we obtained for the proposed
model in the presence of disorder for a system of N = 100 + 2
qubits. In the upper panel of Fig. 5 the analysis was carried out
using the coupling constant Jm/J = 2.863, the optimal value
leading to the best entanglement transmission for the clean sys-
tem when the search for the optimal coupling constant was re-
stricted from 0 to 5. The data in the lower panel of Fig. 5 em-
ployed Jm/J = 49.98, the optimal coupling constant giving the
best entanglement transmission for the clean system when the
search for the optimal setting was implemented from Jm/J = 0
to 50.
The first distinctive characteristic that we get by analyzing
the data is the fact that we obtain average results that outper-
form the standard model, whose transmission of entanglement
is at best 0.4 (see upper panel of Fig. 3). In the proposed model
the average entanglement transmission is always greater than
0.7, even for fluctuations of ±5% about the optimal settings for
the ordered system (see the dotted-red curves in Fig. 5). We
have also noted that roughly 50% of the disorder realizations
lie above the average value of transmitted entanglement and the
other 50% cases below.
Second, for low disorder, let us say for fluctuations about the
optimal settings for the clean system below 2%, we see that
disorder does not affect substantially the entanglement trans-
mission capacity of the proposed model. Actually, in many
cases of low disorder we see an increase of the entanglement
transmitted from Alice to Bob. This is more common when we
work with the optimal setting Jm/J = 2.863, where for up to
1% of disorder we have at least 1 of every 4 disorder realiza-
tions yielding a performance surpassing the clean system (see
the histograms of the upper panel of Fig. 5).
In Fig. 6 we show the data obtained for the proposed
model in the presence of disorder for a system composed of
N = 1000 + 2 qubits. In the upper panel of Fig. 6 the cal-
culations were done using the coupling constant Jm/J = 4.253,
the optimal value furnishing the best entanglement transmission
for the ordered system among all Jm/J lying between 0 to 5. In
the lower panel of Fig. 6 we used Jm/J = 298.269, the optimal
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Figure 5: Upper panel: Here we have the proposed model with N = 100 + 2
qubits. We implemented 10000 disorder realizations for each percentage devi-
ation p (x-axis), starting at p = 0.1% and going up to p = 5%, in increments
of 0.1%. The data represented by the three curves and by the thousands of
small crosses for each value of p were computed at the time Jt/~ = 9.542.
This is the time in which the optimal transmission of entanglement in the clean
system should occur when we set Jm/J = 2.863. This value of Jm/J is the
one yielding the best performance when the search for the optimal coupling
constant was restricted from Jm/J = 0 to 5 (see upper panel of Fig. 3). The
dashed-green curve gives the value of the optimal entanglement transmitted to
Bob for the clean system. The solid-blue line gives the greatest entanglement
transmitted out of the 10000 disorder realizations for each value of p. The
red-dotted curve gives the average value of the entanglement transmitted after
10000 realizations. For every p the entanglement transmitted at each one of the
10000 realizations are denoted by the small crosses plotted in the figure. The
histograms give for every p the percentage of the 10000 disordered realizations
outperforming the optimal entanglement transmission predicted for the ordered
case. Lower panel: Same as upper panel but now the data were computed at
the optimal time Jt/~ = 20.535, the time where the optimal transmission of en-
tanglement in the clean system should occur when we set Jm/J = 49.98. This
value of Jm/J is the one yielding the best performance when the search for the
optimal coupling constant was made from Jm/J = 0 to 50 (see upper panel of
Fig. 3).
coupling constant that gives the best entanglement transmission
for the ordered system when Jm/J ranges from 0 to 300.
Here, and similarly to the case of 100 + 2 qubits, we have a
reasonable resilience to disorder, specially in the low disorder
scenario. Again we have that the average entanglement trans-
mission, being about 0.2 in the worst case of 5% disorder (up-
per panel of Fig. 6), is greater than the optimal one for the
ordered standard model, which is ≈ 0.12 (lower panel of Fig.
3). And if we focus on the low disorder sector (below 1% in
this case), we have an average transmitted EoF of about 0.65
Figure 6: Upper panel: Here we have the proposed model with N = 1000 + 2
qubits. We implemented 1000 disorder realizations for each percentage devia-
tion p (x-axis), starting at p = 0.1% and going up to p = 5%, in increments of
0.1%. The data represented by the three curves and by the hundreds of small
crosses for each value of p were computed at the time Jt/~ = 60.04. This is
the time in which the optimal transmission of entanglement in the clean system
should occur when we set Jm/J = 4.253. This value of Jm/J is the one yielding
the best performance when the search for the optimal coupling constant was
restricted from Jm/J = 0 to 5 (see lower panel of Fig. 3). The dashed-green
curve gives the value of the optimal entanglement transmitted to Bob for the
clean system. The solid-blue line gives the greatest entanglement transmitted
out of the 1000 disorder realizations for each value of p. The red-dotted curve
gives the average value of the entanglement transmitted after 1000 realizations.
For every p the entanglement transmitted at each one of the 1000 realizations
are denoted by the small crosses plotted in the figure. The histograms give
for every p the percentage of the 1000 disordered realizations outperforming
the optimal entanglement transmission predicted for the ordered case. Lower
panel: Same as upper panel but now the data were computed at the optimal time
Jt/~ = 118.55, the time where the optimal transmission of entanglement in the
clean system should occur when we set Jm/J = 298.269. This value of Jm/J is
the one yielding the best performance when the search for the optimal coupling
constant was made from Jm/J = 0 to 300 (see lower panel of Fig. 3).
for the case of Jm/J = 4.253 and an average EoF of about 0.85
when Jm/J = 298.269. We also have, but now only for very low
disorder, disorder realizations leading to a greater performance
than the one predicted for the clean system. We should also
add that the more qubits we add to the system, the more sensi-
tive it is to disorder, as a straightforward comparison between
Figs. 5 and 6 reveal. A more detailed analysis of the influence
of disorder and noise on the model proposed here will be given
elsewhere.
We end this section studying how resilient the present pro-
posal is to imperfections in the preparation of the input state
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Figure 7: Upper panel: We work with the proposed model with N = 100 + 2
qubits and for each value of p (x-axis) we study the entanglement transmission
efficiency for 1000 different input states δ|Ψ+〉 as explained in the text. The
greater the value of the x-axis the more the states δ|Ψ+〉 deviate from the Bell
state |Ψ+〉. The values of the coupling constants among the qubits Jm/J and the
adimensional time Jt/~ in which Bob measures the entanglement content of his
qubits are the ones optimizing the entanglement transmission for the Bell state
|Ψ+〉 (see Fig. 3). EoF|Ψ+〉 and EoFδ|Ψ+〉 are the entanglement measured by Bob
at the time Jt/~ shown in the figure when the input states are |Ψ+〉 and |δΨ+〉,
respectively. Lower panel: Same as above but now we have N = 1000 + 2
qubits.
|Ψ+〉 = (|01〉 + |10〉)/
√
2. We assume now that the initial
state is given by δ|Ψ+〉 = α|01〉 +
√
1 − α2e−iγ|10〉, where
α = (1 + ∆α)/
√
2 and γ = 2pi(1 + ∆γ). When ∆α = ∆γ = 0 we
recover the state |Ψ+〉 and we can see ∆α and ∆γ as quantifying,
respectively, the percentage deviations about the correct proba-
bility amplitude of the state |01〉 and its relative phase with |10〉
that give exactly the state |Ψ+〉. Note that by studying the evo-
lution of the state δ|Ψ+〉 for several values of ∆α and ∆γ we are
also studying the efficiency of the proposed model to transmit
other states than a Bell state.
In Fig. 7 we show the results obtained when we allowed ∆α
and ∆γ to be given by two independent continuous uniform dis-
tributions ranging from ±p. For every value of p, with p chang-
ing from 0 to 10% in increments of 0.2%, we implemented 1000
simulations either using a chain of 100 qubits (upper panel) or
one with 1000 qubits (lower panel). Looking at Fig. 7 it is
clear that for deviations lower than 2% no appreciable change
is seen in the entanglement sent from Alice and received by
Bob. Moreover, even when we work with a large deviation
of 10%, we see an average reduction of 5% and in the worst
scenario a reduction of only 15% in the entanglement reaching
Bob. In this last case, it means that instead of receiving an EoF
≈ 0.97 Bob gets an EoF ≈ 0.82, which is still much higher than
the EoF transmitted in the optimal scenario using the standard
model and assuming a perfect input state, namely, EoF ≈ 0.40
for N = 100 qubits and EoF ≈ 0.12 for N = 1000 qubits.
5. Single excitation transmission
For completeness, and also to validate the program we wrote
to solve the proposed model, we have also studied the transmis-
sion of a single excitation, namely the state |1〉, from Alice to
Bob (see Fig. 8).
Figure 8: Schematic representation of the proposed (upper panel) and standard
(lower panel) models arranged to transmit the single excitation |1〉 from Alice
to Bob. The goal here is to transmit the state |1〉 from qubit A (or 1) to qubit B
(or N).
0 10 20 30 40 50 60 70 80
Adimensional Time (Jt/h_ ) 
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
Fi
de
lit
y
J
m
 = 2.022
J
m
 = 49.97
J
m
 = 47.57
N-qubit model
(N + 2)-qubit model
N-qubit model
N = 100
0 100 200 300 400 500
Adimensional Time (Jt/h_ ) 
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
Fi
de
lit
y
J
m
 = 3.012
J
m
 = 298.269
J
m
 = 300.071
N-qubit model
(N + 2)-qubit model
N-qubit model
N = 1000
Figure 9: Upper panel: Single excitation transmission from qubit A (1) with
Alice to Bob’s qubit B (N) for the proposed (standard) model when N = 100
qubits. The two curves with the greatest peaks correspond to the standard model
(N-qubit model) while the curve with the lowest peaks is related to the proposed
model (N + 2-qubit model). Alice’s qubit is initially the state |1〉 while all the
other qubits start at the state |0〉. For simulation purposes, we set J
A
= J˜
A
=
J
B
= J˜
B
= J = 1 for the proposed model and J
A
= J
B
= J = 1 for the standard
model. In both models we evolved the system from Jt/~ = 0 to 25pi for every
value of Jm ranging from 0 to 50 in increments of 0.01, saving the value of
Jm giving the best single excitation transmission (greatest fidelity) within the
time span given above. Subsequently we moved about this value in increments
of 0.001 in order to get the optimal Jm shown in the figure. For the standard
model we also give the optimal Jm restricting its range from 0 to 5 (green curve
showing the first peak above). Lower panel: Same as upper panel but now we
have N = 1000 qubits and we evolved the system from Jt/~ = 0 to 150pi for
every value of Jm ranging initially from 0 to 300 in increments of 0.01.
8
We first tested our program searching for the optimal config-
urations for the standard model leading to the best single exci-
tation transmission. The results we obtained were exactly the
ones reported in [13], an important validation of our code. Then
we turned on the coupling constants J˜A and J˜B, setting them
to J, and searched for the optimal arrangements leading to the
greater single excitation transmission for the proposed model.
The approach employed in the search for the optimal settings
leading to the most efficient single excitation transmission was
similar to that already reported in the entanglement transmis-
sion scenario. Being more specific, we have evolved the system
for every value of Jm/J within a predetermined range, chang-
ing it in fixed small increments. The system always started with
Alice’s qubit A (or 1) given by |1〉 and the remaining ones by
|0〉. For every value of Jm/J we have evolved the system up to
a given dimensionless time Jt/~, computing along the way the
fidelity between qubit B and the state |1〉 (or between N and |1〉)
according to the recipe given in Sec. 2
In Fig. 9 we report the simulations for the case of 100 and
1000 qubits, respectively. The same strategy, time span, and
coupling constant ranges employed previously in the entangle-
ment transmission analysis of Sec. 3 were used here. The only
exception was for the case of 1000 qubits, where the time span
employed ranged from 0 to Jt/~ = 150pi.
It is clear looking at Fig. 9 that for the transmission of a sin-
gle excitation the standard model is the optimal choice, yield-
ing almost perfect single excitation transmission. The proposed
model, however, is not indicated for this task. Actually, the pro-
posed model can never excel in this task since the Hamiltonian
and the initial condition in this case are symmetric with respect
to the exchange between qubits N and B. This implies that the
density matrix describing qubits N and B are identical at any
time and we thus must conclude that we can never have qubit B
in the state |1〉 and qubit N in the state |0〉.
6. Conclusion
In this work we have studied the transmission of a maximally
entangled two-qubit state (Bell state) from one place (Alice) to
another one (Bob) along a graph. The graph used here was
a slightly modified linear spin chain, where in addition to N
qubits arranged along a chain we have added two extra ones,
namely, qubit A with Alice, interacting with qubit 2, and qubit
B with Bob, interacting with qubit N − 1 (see Fig. 1). The
specific model employed here was the isotropic XY model (XX
model) describing a spin-1/2 chain.
We have shown that a strictly linear chain described by the
XX model cannot accomplish satisfactorily such a task with-
out the aid of modulated external magnetic fields or without
modulated coupling constants among the qubits. This was our
main motivation to go beyond a strictly linear chain. Indeed,
in the simple scenario of no external fields, no modulation, and
only local control of the coupling constants at the end points
of the chain, a strictly linear chain furnishes very poor results
in transmitting pairwise entanglement, with a rapid decreasing
efficiency as we increase the size of the chain.
Interestingly, nevertheless, by workingwith the slightly mod-
ified linear chain as described above, we can transmit in an
almost perfect fashion a maximally entangled two-qubit state
from one end of the chain to the other one. Furthermore, this is
possible without external fields or modulation of the coupling
constants among the qubits. We only need to match the values
of the coupling constants among the end point spins with Al-
ice with those with Bob to accomplish almost perfect pairwise
entanglement transmission for chains of any size (see Fig. 2).
We have also tested the present proposal against imperfec-
tions in its construction, namely, we tested how it responds to
random variations of the coupling constants about their optimal
values. We have shown that for moderate static disorder we still
have a good performance, beating the pairwise entanglement
transmission efficiency of the ordered strictly linear chain.
Moreover, for small disorder, i.e., up to a fluctuation of ±1%
about the optimal settings for the clean system, we have ob-
tained several realizations of disorder giving better results than
those predicted by the optimal ordered and noiseless case.
We have also tested the proposed model in its capacity to
transmit a single excitation from Alice to Bob, comparing its
efficiency to that of the strictly linear chain. We have shown
that in this case the strictly linear chain is the best choice.
Finally, it would be interesting to extend the present work
in at least the following two directions. First, how would the
present model respond to an open dynamics, when the whole
chain interacts with its environment. Second, what would hap-
pen if the chain interacts with a thermal reservoir at temperature
T . Is it possible to model and solve this problem in an efficient
way? If yes, how could that be done? Investigations of the ef-
ficiency of the proposed model in those two scenarios and, to
be honest, of the many models given in previous works cited in
this manuscript, are important to assert the true usefulness of
all those proposals in a real world operation of, for example, a
yet-to-be-built quantum computer based on solid state devices.
Acknowledgments
RV thanks CNPq (Brazilian National Council for Scientific
and Technological Development) for funding and GR thanks
CNPq and CNPq/FAPERJ (State of Rio de Janeiro Research
Foundation) for financial support through the National Institute
of Science and Technology for Quantum Information.
References
[1] C. H. Bennet, D. P. DiVincenzo, Nature (London) 404 (2000) 247.
[2] C. H. Bennett, G. Brassard, Quantum cryptography: public key distri-
bution and coin tossing, in: Proceedings of the IEEE International Con-
ference on Computers Systems and Signal Processing, Bangalore, India,
1984, p. 175.
[3] C. H. Bennett, G. Brassard, C. Cre´peau, R. Jozsa, A. Peres, W. K. Woot-
ters, Phys. Rev. Lett. 70 (1993) 1895.
[4] S. Bose, Phys. Rev. Lett. 91 (2003) 207901.
[5] M. Christandl, N. Datta, A. Ekert, A. J. Landahl, Phys. Rev. Lett. 92
(2004) 187902.
[6] G. M. Nikolopoulos, D. Petrosyan, P. L. Lambropoulos, J. Phys.: Con-
dens. Matter 16 (2004) 4991.
[7] V. Subrahmanyam, Phys. Rev. A 69 (2004) 034304.
9
[8] T. J. Osborne, N. Linden, Phys. Rev. A 69 (2004) 052315.
[9] M. B. Plenio, J. Hartley, J. Eisert, New J. Phys. 6 (2004) 36.
[10] M. B. Plenio, F. L. Semia˜o, New J. Phys. 7 (2005) 73.
[11] M. Christandl, N. Datta, T. C. Dorlas, A. Ekert, A. Kay, A. J. Landahl,
Phys. Rev. A 71 (2005) 032312.
[12] T. Shi, Y. Li, Z. Song, Ch.-P. Sun, Phys. Rev. A 71 (2005) 032309.
[13] A.Wo´jcik, T. Łuczak, P. Kurzyn´ski, A. Grudka, T. Gdala, M. Bednarska,
Phys. Rev. A 72 (2005) 034303.
[14] Y. Li, T. Shi, B. Chen, Z. Song, C.-P. Sun, Phys. Rev. A 71 (2005)
022301.
[15] P. Karbach, J. Stolze, Phys. Rev. A 72 (2005) 030301.
[16] A. Kay, M. Ericsson, New J. Phys 7 (2005) 143.
[17] M. J. Hartmann, M. E. Reuter, M. B. Plenio, New J. Phys. 8 (2006) 94.
[18] M. X. Huo, Y. Li, Z. Song, C. P. Sun, Europhys. Lett. 84 (2008) 30004.
[19] G. Gualdi, V. Kostak, I. Marzoli, P. Tombesi, Phys. Rev. A 78 (2008)
022325.
[20] L. Banchi, T. J. G. Apollaro, A. Cuccoli, R. Vaia, P. Verrucchi, Phys.
Rev. A 82 (2010) 052321.
[21] P. Kurzyn´ski, A. Wo´jcik, Phys. Rev. A 83 (2011) 062315.
[22] P. J. Pemberton-Ross, A. Kay, Phys. Rev. Lett. 106 (2011) 020503.
[23] T. J. G. Apollaro, L. Banchi, A. Cuccoli, R. Vaia, P. Verrucchi, Phys.
Rev. A 85 (2012) 052319.
[24] S. Lorenzo, T. J. G. Apollaro, A. Sindona, F. Plastina, Phys. Rev. A 87
(2013) 042313.
[25] R. Sousa, Y. Omar, New J. Phys. 16 (2014) 123003.
[26] K. Korzekwa, P. Machnikowski, P. Horodecki, Phys. Rev. A 89 (2014)
062301.
[27] Z. C. Shi, X. L. Zhao, X. X. Yi, Phys. Rev. A 91 (2015) 032301.
[28] S. Lorenzo, T. J. G. Apollaro, S. Paganelli, G. M. Palma, F. Plastina,
Phys. Rev. A 91 (2015) 042321.
[29] X.-P. Zhang, B. Shao, S. Hu, J. Zou, L.-A. Wu, Ann. Phys. (NY) 375
(2016) 435.
[30] X. Chen, R. Mereau, D. L. Feder, Phys. Rev. A 93 (2016) 012343.
[31] F. Nicacio, F. L. Semia˜o, Phys. Rev. A 94 (2016) 012327.
[32] M. P. Estarellas, I. D’Amico, T. P. Spiller, Sci. Rep. 7 (2017) 42904.
[33] M. P. Estarellas, I. D’Amico, T. P. Spiller, Phys. Rev. A 95 (2017)
042335.
[34] G. De Chiara, D. Rossini, S. Montangero, R. Fazio, Phys. Rev. A 72
(2005) 012323.
[35] J. Fitzsimons, J. Twamley, Phys. Rev. A 72 (2005) 050301.
[36] D. Burgarth, S. Bose, New J. Phys. 7 (2005) 135.
[37] D. Petrosyan, G. M. Nikolopoulos, P. Lambropoulos, Phys. Rev. A 81
(2010) 042307.
[38] A. Zwick, G. A. A´lvarez, J. Stolze, O. Osenda, Phys. Rev. A 84 (2011)
022311; 85 (2012) 012318.
[39] M. Bruderer, K. Franke, S. Ragg, W. Belzig, D. Obreschkow, Phys. Rev.
A 85 (2012) 022312.
[40] G. M. Nikolopoulos, Phys. Rev. A 87 (2013) 042311.
[41] A. Zwick, G. A. A´lvarez, G. Bensky, G. Kurizki, New. J. Phys. 16 (2014)
065021.
[42] S. Ashhab, Phys. Rev. A 92 (2015) 062305.
[43] A. K. Pavlis, G. M. Nikolopoulos, P. Lambropoulos, Quantum Inf Pro-
cess 15 (2016) 2553.
[44] R. Ronke, M. P. Estarellas, I. D’Amico, T. P. Spiller, T. Miyadera, Eur.
Phys. J. D 70 (2016) 189.
[45] G. M. A. Almeida, F. A. B. F. de Moura,T. J. G. Apollaro, M. L. Lyra,
Phys. Rev. A 96 (2017) 032315.
[46] G. M. A. Almeida, F. A. B. F. de Moura, M. L. Lyra, Phys. Lett. A 382
(2018) 1335.
[47] G. M. A. Almeida, F. A. B. F. de Moura, M. L. Lyra, 2017, Available
from: arXiv:1711.08553 [quant-ph].
[48] C. H. Bennett, D. P. DiVincenzo, J. A. Smolin, W. K. Wootters, Phys.
Rev. A 54 (1996) 3824.
[49] W. K. Wootters, Phys. Rev. Lett. 80 (1998) 2245.
[50] C. H. Bennett, H. J. Bernstein, S. Popescu, B. Schumacher, Phys. Rev.
A 53 (1996) 2046.
10
